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PA non-principal prime filter
quantifier
(Tatsuya SHIMURA)
$\mathcal{L}$ $M=$ $(M, =, \cdots)$ , $M$ non-principal
ultrafilter F , $\mathcal{L}$ quantifier $Q$
$\mathcal{L}(Q)$ $(M, \mathcal{F})$
$(M, \mathcal{F})\models QxA(x)$ iff $\{a\in M : (M, \mathcal{F})\models A(a)\}\in \mathcal{F}$ .
,
(QO) $QxA(x)\equiv QyA(y)$ ,
(Q1) $QxT$ ,
(Q2) $\neg Qx\perp$ ,
(Q3) $\forall x(A(x)\supset B(x))\wedge QxA(x)\supset QxB(x)$
(Q4) $QxA(x)\wedge QxB(x)\supset Qx(A(x)\wedge B(x))$ ,
(Q5) $Qx(A(x)\vee QxB(x)\supset QxA(x)\vee QxB(x)$ ,
(Q6) $\forall xQy(x\neq y).$ .
, $T$ ,
$T(Q)$ quantifier $Q$
non-principal ultrafilter quantifier ,
lter




$\ovalbox{\tt\small REJECT}_{\Gammaarrow\triangle,Qy_{1}B_{1}(y_{1})^{1},.,Qy_{n}B^{n_{n}}(y)}Qx_{1}^{1}A_{1}(x_{1}),$$.., _{ }A_{m ^{1}(x_{m}))t\neq))$
, $l+m+n>0,$ $a$ $t_{1},$ $\ldots,$ $t_{l}$ ,
LK $LK(Q)$
Theorem 1 $LK(Q)$ cut-elimination theorem
Corollary 1 (cf. Theorem 5)1.
$(a)T$




$(b)T\vdash\forall x_{1}\cdots\forall x_{n}\exists y(x_{1}\neq y\wedge\cdots\wedge x_{n}\neq y)$ $n$
$(c)T(Q)$ $T$
Corollary 2 $PA(Q)$ $PA$
, $PA(Q)$ $PA$ $Q$
, $PA(Q)$ $PA$




$PA(Q)$ $A$ , $PA$ $A^{F}$
63
1. $(s=t)^{F}=s=t$ ,
2. $(\neg A)^{F}=\neg A^{F}$ ,
3. $(A*B)^{F}=A^{F}*B^{F},$ $*=\wedge,$ $\vee$ ,
4. $(*xA(x))^{F}=*xA^{F}(x),$ $*=\forall,$ $\exists$ ,
5. $(QxA(x))^{F}=F(\{x\}A^{F}(x))$ .
$A$ $PA(Q)^{+}$ instance , $A^{F}$ instance
$PA(Q)^{+}\supseteq T\supseteq PA$ $F(X)$ $PA$ ,
$T\vdash A$ iff $PA\vdash A^{F}$
Theorem 2 $T\subseteq PA(Q)$ $PA$ , $T$ $PA$
, $PA$ non-




1. $PA$ , $\Sigma_{n^{-}}$
2. , $\Sigma_{n}$ - , paremeter $\Sigma_{n}$-
$0$ , nonstandard model
filter
$PA$ $\Sigma_{n}$-lruth definition ,
$m$ , paremeter $\Sigma_{m^{-}}$
G\"odel , $\lceil\psi_{0}(x)\rceil,$ $\lceil\psi_{1}(x)\rceil,$ $\psi_{2}(x)$], $\ldots$
, $\lceil\varphi_{n}(x)\rceil$
64
$\lceil\varphi_{n}(x)\rceil=\{\begin{array}{l}\lceil\psi_{n}(x)\rceil ifTr_{m}(\rangle\psi_{n}(x)\cap\bigcap_{k=0}^{n-l}\varphi_{k}(x) is unbounded’)\lceil\neg\psi_{n}(x)\rceil otherwise\end{array}$
$F(X)\equiv\exists n\forall x(x\in X\equiv Tr_{m}(\lceil\varphi_{n}(x)\rceil)$ ,
,
Corollary 3 $PA(Q)^{+}$ $PA$










$F(X)$ 0–1 $\sigma$ , forcing relation
$\sigma H-F(X)$ , Feferman [1] , recursion
theory truth definition , forcing
relation $PA$ , $F(X)$ quantifier
, , $PA$ full induction
, $A$ , $A\vdash-F(X)$ , $\exists k\in\omega(A\cap k\vdash-F(X))$
, $A\cap k$ $k$ $A$
0–1 $AH-F(X),$ $AH-\neg F(X)$
, $A||F(X)$




Lemma 1 $F(X)$ $\Sigma_{m}$ , $A$ $A(x)$
$A$ m-generic set , $A|\vdash F(X)iff\models F(\{x\}A(x))$
$A$ ,
$B_{k}\ni x\equiv\{\begin{array}{l}A\ni xifx\leq kA\partial xotherwise\end{array}$
$B_{k}$
Lemma 2 $A$ $B_{k}(k\in\omega)$ m-generic $A$ $PA$
$\Sigma_{m}$ $F(X)$ $PA(Q)$ $A$
, $k$
$A\cap B_{k}$ , $QxA(x),$ $QxB_{k}(x)$
, $A$ m-generic , $k\in\omega$ , $A\cap k||F(X)$
, $A\cap k=B_{k}\cap k$ , $A\vdash-F(X)$ iff $B_{k}H-F(X)$
, $\models QxA(x)^{F}$ iff $QxB_{k}(x)^{F}$ ,
Theorem 3 $PA(Q)$ $PA$
$PA$ fu induction
,
Question 1 $PA(Q),$ $PA(Q)^{+}$ , $I\Sigma_{n}(Q),$ $I\Sigma_{n}(Q)^{+}$
, , $I\Sigma_{n}$ $PA$ induction
$\Sigma_{n}$ -
2 bounded quantifier
, $PA$ $PA(Q)^{+},$ $PA$ $PA(Q)$ ,
$PA(Q)^{+}$ $PA(Q)$ full-





, $\forall u(\forall x<uQy\psi(x, y, u)\supset Qy\forall x<u\psi(x, y, u)))$
( $\varphi$ ), $PA(Q)^{+}$ $y$
, $PA(Q)$
$\psi(x, y, u)$ $x\neq z$ , $Qz(y<z)$
, , $PA(Q)$
( , )
Theorem 4 $PA(Q)\neq PA(Q)^{+}$ .
$PA$ non-stamdard model $M$ $M$
$a_{0}>a_{1}>a_{2}>\cdots$ , $A_{i}=\{x\in M-\omega : x<\mathfrak{a}_{i}\}$
$(i\in\omega)$ $M$ filter lter ultra-filter







$z_{m}\forall x_{1)}\ldots,$ $x_{n}<c\exists y(z_{1}\neq y\wedge\cdots\wedge z_{m}\neq y\wedge$
$\psi(x_{1}, y)c)\wedge\cdots\wedge\psi(x_{n}, y, c)\wedge\exists x<c\neg\psi(x, y, c))$ .
1. $PA(Q)+\neg\varphi$ , $PA$ $\neg\exists u\chi_{m,n}(u)$
2. $PA(Q)+\neg\varphi$ $PA$ , $PA$
$\exists u\chi_{m,n}(u)$
, $PA(Q)+\neg\varphi$ $\exists u\chi_{m,n}(u)$
$PA$ $A$ $PA(Q)+\neg\varphi$
, $PA$ $\Gamma$ ,
$\Gamma,$ $\forall x<cQy\psi(a, y, c),$ $Qy\exists x<c\neg\psi(x, y, c)arrow A$ ,
67
$LK(Q)$ $LK(Q)$ cut-elinination
, sequent cut-free $Q$
$\ovalbox{\tt\small REJECT} t_{1}\neq_{Qy\psi(s_{1}},\iota_{y,c),.,Qy^{)}\psi(s_{n},y)c),Qy\exists x<c\psi(x}n))\rangle’ x_{c)}b_{\Phi}c)_{arrow})\Phi_{\Psi}arrow\Psi$ .
, sequent
$\exists y(t_{1}\neq y\vee\cdots\vee t_{\mathfrak{l}}\neq y$





, $m,$ $n$ , $\chi_{m,n}(c)\supset A$ $PA$
, $PA(Q)+\exists xQz(y<x)$ $PA$
, $\omega$ filter $\mathcal{F}$ $(\omega, \mathcal{F})$
model ,
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